This paper gives necessary and sufficient conditions for the restricted wreath product of two monoids to be finitely generated or finitely presented.
INTRODUCTION
The purpose of this paper is to establish a necessary and sufficient condition for the (restricted) wreath product AwrB of two monoids to be finitely generated, and a necessary and sufficient condition for AwrB to be finitely presented. After introducing notation and definitions in Section 2, in Section 3 we prove the following: Theorem 1.1. Let A and B be monoids, and let G be the group of units of B. Then the wreath product AwrB is finitely generated if and only if both A and B are finitely generated, and either A is trivial, or B = V G for some finite subset V of B.
We remark that when B is a group, then B = G = {1 B }G, so that AwrB is finitely generated if and only if both A and B are finitely generated. In particular, if A is also a group we have the well known result for groups.
In Section 4 we consider finite presentability and prove: Theorem 1.2. The wreath product AwrB of two monoids A and B is finitely presented if and only if either A is finitely presented and B is finite, or A is trivial and B is finitely presented.
The conditions in Theorem 1.2 are identical to those found by Baumslag [1] for the wreath product of two groups. However, it is interesting to note that in proving Theorem 1.2 we make essential use of the 'non-group' condition B = V G from Theorem 1.1.
DEFINITIONS
Let A and B be two monoids. The Cartesian power A B consists of all functions f : B → A. It is a monoid under the "componentwise" multiplication x(f g) = (xf )(xg) (x ∈ B, f, g ∈ A B ), with identity 1 :
There is a natural action
where
The unrestricted wreath product AWrB of A by B is the semidirect product of A B by B with respect to this action. In other words, AWrB is the set
This is a monoid with identity (1, 1 B ). The support of f ∈ A B is the set supp(f ) = {x ∈ B : xf = 1 A }.
The set A (B) of all f ∈ A B with finite support is a submonoid of A B . It is called the direct power . Clearly 1 ∈ A (B) . Also, in what follows, a significant role will be played by the mappings with support of size 1. A typical such mapping is denoted by a b (a ∈ A, b ∈ B), and is defined by
The (restricted) wreath product AwrB of A by B is the submonoid of AWrB generated by A (B) × B. It is well known that if B is a group then actually AwrB = A (B) × B (as sets). More generally AwrB = A (B) × B if and only if all the sets bc −1 = {x ∈ B : b = xc} (b, c ∈ B) are finite. For the proof of this fact, as well as for further details about wreath products, the reader is referred to [4] . A monoid A is said to be finitely presented if it can be defined by a (monoid) presentation X | R with both X and R finite. For basic definitions and facts about monoid presentations, the reader is referred to [3] . In particular, we shall frequently use the following general algebraic fact: if A is finitely presented and if Y | Q is a presentation for A with Y finite, then there is a finite subset Q 0 ⊆ Q such that Y | Q 0 also defines A.
Assume that we have presentations X | R and Y | Q for monoids A and B respectively. For b ∈ B, let X b = {x b : x ∈ X} be a copy of X, and let R b be the corresponding copy of R. Howie and Ruškuc [2] give the following presentation for AwrB:
We remark that this result and its original proof hold provided that all the sets by −1 are finite (this constraint was overlooked in the original paper). In particular, the result holds when B is finite, or when it is a group, which are the two situations which arise in Section 4.
GENERATORS
The main purpose of this section is to prove Theorem 1.1. In the process of doing this, given A and B, we construct a generating set for AwrB, and conversely, we construct generating sets for A and B from a generating set for AwrB. We also prove some further results that will be needed in the proof of the finite presentability result in Section 4.
Theorem 3.1. Let A and B be monoids generated by sets X and Y respectively, and let V ⊆ B be such that B = V G where G is the group of units of B. Then the wreath product AwrB is generated by the set
Proof. First recall that every element of AwrB is a product of elements of the form (f, b), where supp(f ) is finite. Consider now such an element (f, b). Write b = y 1 . . . y r (y i ∈ Y ) and also note that
Now fix z ∈ supp(f ) and write it as z = vg (v ∈ V, g ∈ G). Also write zf = x 1 . . . x s (x i ∈ X). Now we have
Finally, decomposing g and g −1 into products of generators from Y completes the proof.
Theorem 3.2. Let A and B be monoids. If AwrB is generated by a set Z then A is generated by the set
and B is generated by the set
Proof. Let a ∈ A, b, c ∈ B be arbitrary. Write (a c , b) as a product of generators from Z:
completing the proof.
Lemma 3.1. Let A and B be monoids, and assume that A is non-trivial. If AwrB is finitely generated then there exists a finite set V ⊆ B such that for every b ∈ B there exists a right invertible element
Proof. Since AwrB is generated by A (B) × B and since it is finitely generated, it follows that there exists a finite generating set Z for AwrB which is contained in
this is finite since Z and all supp(f ) are finite. Fix an arbitrary b ∈ B. For any a ∈ A \ {1 A } write (a b , 1 B ) as a product of generators from Z:
Equating the components we obtain
Evaluating (1) at b we obtain
Clearly there must exist i ∈ {1, . . . , r} such that (bb 1 . .
Corollary 3.1. Let A and B be monoids, with A non-trivial. If AwrB is finitely generated then:
(i)B has only finitely many R-classes.
(ii)Every right invertible element of B is also left invertible (and viceversa).
(iii)If G is the group of units of B then B \ G is an ideal in B.
Proof. (i) By Lemma 3.1, every element of B is R-related to an element of the finite set V . (ii) If there were right invertible elements that are not left invertible then the D-class of 1 B would contain infinitely many Rclasses. (iii) This is an immediate consequence of (ii).
Proof of Theorem 1.1.
If A is trivial then AwrB ∼ = B and there is nothing to prove. So we concentrate on the case where A is non-trivial.
(⇐) In the notation of Theorem 3.1, if all X, Y and V are finite, then so is the generating set Z for AwrB.
(⇒) Assume that AwrB is finitely generated. As in the proof of Lemma 3.1 we see that there exists a finite generating set Z ⊆ A (B) × B for AwrB. But then the generating sets X and Y for A and B respectively, given in Theorem 3.2, are both finite. Next, choose a finite set V ⊆ B as in Lemma 3.1. For b ∈ B, we have bt b = v ∈ V , where t b is right invertible. By Corollary 3.1 (ii), t b must be invertible, so that b = vt
FINITE PRESENTABILITY
First we show that the condition is sufficient. Indeed, if A is trivial and B is finitely presented then AwrB B is also finitely presented. Now suppose that A is finitely presented, with a finite presentation X | R , and that B is finite. We introduce new alphabets X b = {x b : x ∈ X} (b ∈ B) in 1-1 correspondence with X, and we let R b (b ∈ B) be the corresponding copies of R. We also take the Cayley table B | Q as a (finite) presentation for B. One can show that the finite presentation
defines AwrB; see [2] and the comment at the end of Section 2.
The proof of the fact that the condition is necessary is technically more complicated and we adopt the following strategy. First we dispose of the case where A is trivial. Indeed, then B AwrB and so B is finitely presented. Then we consider the case where A is non-trivial. We prove that AwrB finitely presented implies that AwrG is finitely presented, where G is the group of units of B; see Proposition 4.1. Then we prove that AwrG finitely presented implies that A is finitely presented (Proposition 4.2). Next, basing our approach on that of Baumslag [1] , we prove that AwrG finitely presented implies that G is finite (Proposition 4.3). Finally we invoke our finite generation result (Theorem 1.1), which gives us that B = V G where V ⊆ B is finite, implying that B is finite. Proposition 4.1. Let A be a non-trivial monoid, let B be any monoid, and let G be the group of units of B. If AwrB is finitely presented, then so is AwrG.
Proof.
Consider the submonoid M = {(f, b) ∈ AwrB : b ∈ G} of AwrB. By Corollary 3.1 (iii), B\G is an ideal of B, so that (AwrB)\M is an ideal of AwrB. This implies that M is finitely presented. Indeed, if AwrB is defined by Z | P then M is defined by Z 0 | P 0 , where Z 0 = Z ∩ M and P 0 is the set of all relations of P involving letters from Z 0 only. Now define a mapping φ : M → AwrG by (f, b)φ = (f G , b). Note that for any f ∈ A B and any b ∈ G we have
so that φ is an epimorphism. It follows that AwrG is the quotient of the finitely presented monoid M by the congruence ρ = ker φ, and so the proof is complete once we establish the following:
Lemma 4.1. The relation ρ = ker φ is a finitely generated congruence on M .
Proof. By Theorem 1.1, we can choose finite sets X, Y and V so that A = X and B = Y = V G. We show that the congruence σ of M generated by the finite set Since b ∈ G and B \ G is an ideal (Corollary 3.1) we must have b i ∈ G (i = 1, . . . , r). But then each b1...bi−1 f i (i = 1, . . . , r) has finite support (of size equal to | supp(f i )|) implying that f also has finite support. From the definition of σ we have
Conjugating by (1, g) (g ∈ G) we obtain
.
From A = X it now follows that
Multiplying the above for b ∈ supp(f ) \ G and a = bf yields
and note that f = f f , so that multiplying (3) by (f , b) gives
Defining g and g analogously and repeating the above argument for g, we conclude that
If A is trivial then the above result fails because there exists a finitely presented monoid with a non finitely presented group of units; see [5] . Proposition 4.2. Let A be a monoid, and let G be a group. If AwrG is finitely presented then A is also finitely presented.
Proof. If AwrG is finitely presented then it is also finitely generated, and so both A and G are finitely generated by Theorem 1.1. Choose presentations X | R and Y | Q for A and G respectively with X and Y finite (and R and Q possibly infinite). By [2, Corollary 2.3] (see also the remarks at the end of Section 2) AwrG is defined by
The finite presentability of AwrG implies that a finite subset of the above relations suffices to define AwrG. In particular, there is a finite subset R ⊆ R such that
defines AwrG, and the submonoid generated by X is isomorphic to A. On the other hand, again by [2, Corollary 2.3], (4) defines the wreath product of the monoid A defined by X | R and G, and the submonoid generated by X is isomorphic to A . We conclude that A A is finitely presented.
Proposition 4.3. Let A be a non-trivial monoid, and let G be a group. If AwrG is finitely presented then G is finite.
Proof. Since AwrG is finitely presented it follows that both A and G are finitely generated, by Theorem 1.1. Let X | R and Y | Q be presentations for A and G respectively, with X and Y finite. By [2, Corollary 2.3], the wreath product AwrG is defined by
Now, AwrG is finitely presented, so there exist finite subsets R 0 ⊆ R, Q 0 ⊆ Q and G 0 ⊆ G \ {1} such that the presentation
defines AwrG. We now aim to show that this presentation cannot define AwrG unless G is finite. To this end we will first modify presentation (6) by adding some redundant generators and relations. However, we do this in such a way that when G is infinite we can find a relation which is not a consequence of the modified presentation, but holds in (5). First we note that we can add redundant relations R \ R 0 and Q \ Q 0 to (6). Next we define a set T = {(h, k) ∈ G × G : hk −1 ∈ G 0 }. By conjugating the relations g −1 xgx = x g −1 xg from (6) by elements of G we see that each of the relations h
is a consequence of (6), and so can be added to give the presentation
for AwrG. For each g ∈ G introduce a new alphabet X g = {x g : x ∈ X} in 1-1 correspondence with X, and let R g be the corresponding copy of R. Now we add redundant generators
to (7). With this it is clear that the relations R g (g ∈ G) are consequences of R and Q and so we add them to (7) as well. From (8) we have x 1 = x (x ∈ X), and so R = R 1 , and we obtain the presentation
(9) for AwrG. Next we note that for l, g ∈ G and x ∈ X we have
In particular, conjugating the relations from R g by l ∈ G gives R gl . Similarly, conjugating the relations
, so that (hl, kl) ∈ T , and so x hl x kl = x kl x hl is also one of the relations from (9). We conclude that AwrG is a semidirect product of the monoid C by G, where C is defined by the presentation
In particular, C embeds into AwrG.
Let us now assume that G is infinite. Then there exist g ∈ G\(G 0 ∪{1}). Clearly we have (g, 1) / ∈ T . Consider the free product A g * A 1 of two copies of A defined by the presentations X g | R g and X 1 |R 1 respectively. The identity mapping X g ∪X 1 → X g ∪X 1 extends to a homomorphism A g * A 1 → C since (10) contains both R g and R 1 as relations. Similarly the mapping x g → x g , x 1 → x 1 , x h → 1 (x ∈ X, h ∈ G \ {g, 1}) extends to an epimorphism C → A g * A 1 . Indeed, under this mapping R g and R 1 are mapped onto themselves, and all other R h are mapped onto 1=1. Also, since (g, 1) / ∈ T , an arbitrary relation x h x k = x k x h maps onto one of 1 = 1, x 1 = x 1 , x g = x g . The composition of the two homomorphisms is the identity mapping on A g * A 1 , so that A g * A 1 embeds into C, and hence also into AwrG. However, the relation x g x 1 = x 1 x g (or equivalently g −1 xgx = x g −1 xg) does not hold in A g * A 1 , whereas it does hold in AwrG (actually it is one of the relations in (5)). This contradicts the assumption that G is infinite.
We remark that the above proof uses ideas from [1] . Baumslag's Theorem is a special case of Proposition 4.3 but we have avoided the use of free products with amalgamation.
We have now established all the ingredients for the argument given at the beginning of this section, and the proof of Theorem 1.2 is complete.
FINAL REMARKS
The definition of the unrestricted wreath product AWrB of two monoids is not left-right symmetric. Thus one may consider the mapping f ∈ A B as acting on the left, and then take the natural right action (f, b) → f b of B on A B . Taking the corresponding semidirect product we obtain the left unrestricted wreath product AWr l B of A by B. By considering the mappings f ∈ A B with finite support, we obtain the left (restricted) wreath product Awr l B. In general AWrB ∼ = AWr l B and AwrB ∼ = Awr l B, although they are isomorphic when B is a group.
Of course Theorems 1.1 and 1.2 have obvious analogues for the left wreath product. In Theorem 1.1 the condition B = V G is replaced by B = GV , while Theorem 1.2 remains unchanged. In particular, we have that AwrB is finitely presented if and only if Awr l B is finitely presented. The following example shows that the analogous statement for finite generation does not hold. Let A be any non-trivial finitely generated monoid, and let B be the monoid defined by a, b, c | ab = ba = 1, c 2 = ac = c . It is easy to see that B = {a i , b j , ca i , cb j : i ≥ 0, j ≥ 1}, and that all these elements are distinct. The group of units of B is {a i , b j : i ≥ 0, j ≥ 1}, the infinite cyclic group. Clearly B = {1, c}G, and hence AwrB is finitely generated. By way of contrast, there is no finite set V such that B = GV , and so Awr l B is not finitely generated.
